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We p e r f o r m  a group analys is  of the equat ions of magne tohydrodynamics .  As d is t inc t  f rom [1, 2], the group 

p r o p e r t i e s  of the equat ions of mot ion of a c o m p r e s s i b l e  fluid a re  cons ide red  under the assumpt ion  of f ini te  conductivi ty.  

P o s s i b l e  invar ian t  solut ions a r e  found for the set  of MHD equations in the one -d imens iona l  case .  We give example s  of 
analyt ic  and n u m e r i c a l  solut ions of the p r o b l e m  of conducting gas flow in te rac t ion  with a magne t i c  field.  

The set  of equat ions de sc r i b ing  the nons ta t ionary  flow of an e l e c t r i c a l l y  conduct ing gas in a magne t i c  f ield in the 
hydrodynamic  approx imat ion  (d i sp lacement  c u r r e n t s  a r e  neglec ted  throughout) is 
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= rot [v X h] -- rot (v m rot h), 

0v 
(v. V) v ~-- -- + grad 

i l 
-~--k __ p § 4--~- (rot h'h) q- T div �9  

- ~  -~ (v.grad p) -~ TP div v = ~ Vm (rot h) ~ -- (T -- 1) div q -~ (T"  i) F,  

Op , 8"q/~ 
"~- -r Y(pv) =0,  p=BpT,  div v = O'-g~-k el, 

(Ov a Ov~ 2 0 v j 6  ~ Ovj 
~ = ~ \ o~:~ + ~ - T ' Y ~  ~ ) § ~ T ~  ~a~ , 

v~ _ Ov a c~ 
q=--kgradT, ,  F = - - 2 - ~ ~  + - ~ i  ) ' ~m= 4 ~ "  

(s,) 

The conduct ivi ty  ~, t he rma l  conduct ivi ty  k, and gas v i scos i ty  coef f ic ien t s  # and ~ a r e  functions of p and the 

densi ty  p: 

z = aprap n, ~, = bp~p *, ~ = dpgp ~, ~ : ]pgp~. (1) 

Let  us cons ide r  the group p r o p e r t i e s  of the sys t em S 1 of d i f fe ren t i a l  equat ions under  condit ion (1) in t h r e e -  

d imens iona l  space  in which the ve loc i ty  vec to r  v has components  vl,  vz, and v3 and the magne t ic  f ield s t reng th  vec to r  
h has components  hi, h2, and h a. As is well  known, the t r ans fo rma t ion  group G of the sys t em of d i f fe ren t ia l  equat ions 
is comple t e ly  defined by the Lie  a lgebra  of its in f in i t e s ima l  ope ra to r s .  Using f a m i l i a r  methods  [3] we find that the Lie  
a lgebra  of the fundamental  group of s y s t e m  $1 under  condit ion (1) is gene ra t ed  by the fol lowing l i nea r ly  independent  

ope ra to r s :  

o 0 o o 

0 0 . 0 0 

(i, k = t ,  2, 3), 

(i < k). (2) 

In the case  in which only m o l e c u l a r  heat conduction is p r e sen t  (r = q~, w = g), f u r the r  ex tens ion  of the group 

occurs  when n ~ - m ;  to the o p e r a t o r s  (2) we add 
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W h e n  2 m  = - n ,  w e  add  to  t h e s e  l a s t  t w o  o p e r a t o r s  

X o = I ~ O - - n ) + 2 I t ' w + ~ , ~ + ~ ) ~  ~ -  + ~  ",'y~ --  

o 0 0 2 o + ~ - -  1 
--  4 P 3 p - + ( ~ - 2 ) P ~ - p - - 2 ~  ~ [ '  a =  2 0 - - ~  *) (4) 

W h e n  n = - m ,  t he  o p e r a t o r s  X 4, X 5, a n d  Xr do n o t  a p p l y ,  and  w e  add  to  (2) t h e  o p e r a t o r  

2m-b 2 O O ~ . 2 
X T = ~ t  Tt- , P ~ + ~ P N -  

~ 0 ( ~  i ) o 2~o + 2,~ (5) 

If we are considering radiative heat transfer, where the conditions r = ~, w = g do not hold, the operators X4-X ~ 

are only applicable for the system of equations SI, in which the viscosity terms are discounted. If we discount the heat 

conduction terms in system S 1 but retain the viscosity terms, the operators Xa-X 6 again hold, except that we have to 

replace w and ~ by g and ~, respectively, in the expressions for e~. 

If we consider the movement of a nonviscous electrically conducting gas and disregard the heat conduction, 

further extension of the Lie algebra of the fundamental group of system S 1 occurs provided that o" = apmp n. To the 

operators (2)-(5), in which we set (~ equal to zero, we add: 

when n ~ -m, 

0 i q- 2ra 0 i 0 , 0 . 
x , = ( l  +m) t N- + - - - g - -  x~ o - ~ - - f f  v~ ~ • P N - '  (6) 

w h e n  y = 2 a n d  2 m  = - n ,  

O O O O 0 O (7) 

Extension of the group also occurs when n = -m: 

0 0 i 0 
(8) 

Let us consider in more detail the case of uniform movement of a nonviscous electrically conducting gas in a 

magnetic field. We neglect heat conduction, and denote by S 2 the system of equations describing this flow. We assume 

that n = -m. This means that, under the above assumptions, the gas conductivity is given as a function of temperature 

by cr = aT m. Under our assumptions the system S 2 is invariant with respect to the operators 

O 3 0 0 O ~ i 0 

2rn ~ 2 0 O i O 2 0 i O 
x ~ =  2---~-4-y t w + ~ o~ 2m + t ~ - d T - - f f ~ ' ~ ' f  p'~p - 2m + l h o--~ " (9) 

These operators apply in the case of plane flows. For axisymmetrie flows a contraction of the group occurs and 

only the three linearly independent operators XI, X4, and X 5 remain. A knowledge of the fundamental group (9) enables 

the invariant solutions of system S 2 to be found. Invariant solutions of unit rank are only possible for S 2 in single- 

parameter subgroups. Utilizing the internal automorphisms of the transformation group G, we can obtain an optimum 

system of single-parameter subgroups, whence all the essentially distinct solutions of system S 2 can be found. 

We omit the intermediate steps and present only the final expressions for the optimum system of single- 

parameter subgroups: 

x~ + f~x,, x~ + f~x,, x~ + ~x~, x~ + ~x, ,  x~ q: x~ + f~x~ , (10) 

w h e r e  fl i s  an  a r b i t r a r y  c o n s t a n t .  
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Using the opt imum subgroups (10), we obtain the cor responding  e s sen t i a l ly  d i s t inc t  i nva r i an t  solutions.  

1. Subgroup Hi with opera to r  X 1 + fiX 4. The i nva r i an t  Hi - so lu t ion  is 

= V (x), p = e ~ t P  (x), p = e ~ t 0  (x); h = e ~ t O  (x) .  

2. The subgroup H 2 with opera to r  X5 + fiX4. The invar i an t  Hz-solut ion can be wr i t t en  as 

V : + V (~,), p : X ~-'2/(2m'[-1) P (~,), p = x ~ 0 (~,), 

h : x N~-l/(~m-I" 1) (D (L), L : tx -(~m+2)/(~m+l)" 

3. The subgroup H~ with opera to r  X z +/3X 4. The invar i an t  Ha-solut ion is 

v = v (t), p = e@XP (t), p = e~2~O (t), h = eft$O (t) .  

4. The subgroup H 4 with opera tor  Xz +/3X4, The inva r i an t  H4-solution is 

v = x/t  ~- V (t), p = e~x/t_P (t), p : e~xIto (t), h = e~xlt~ (t). 

5. The subgroup H~ with opera tor  X 1 + X 3 +/3X 4. The invar i an t  Hs-solut ion may be wr i t ten  as 

v = t -}- v (~,), p = e ~ t P  (L), p = e~t~to (~,), h = e ~ t O  (~,), ~, = x - -  1 / 2 t  2 . 

The functions V, P, 0, and ~ sat isfy ,  r espec t ive ly ,  the sys tems  of o rd ina ry  di f ferent ia l  equations obtained by 
d i r ec t  subs t i tu t ion  of the express ions  for v, p, p, and h into S 2. Numer i ca l  methods may be used for f inding the 
solut ions of these sys t ems  of equations.  However,  if the magnet ic  p r e s s u r e  is propor t ional  to the stat ic  gas p r e s s u r e ,  
an analyt ic  solut ion of the p rob lem may eas i ly  be found in the subgroups H a and H 4. 

The invar i an t  H3-solution,  with m = 3/2,  is 

V .~- -- --~ (Mr -}- C1) ah -~- C~, p = C~ exp -~- IS ~ (Mt -~- C,) 'h -- ISC~ t q- [5x , 

p = ~ C~ (Mt -{- C~) "/" exp ---if- IS ~ (Mt q- C~) 'A - -  ~C~t -1- ~x , 
(1 1 ) . . . .  r 3 m ./, IS IS l 

h = C,~" (Mt  -~- Ci) "exp IT6- Is ~ (Mt q- C,) - -  -~- C~t -}- -~-  x j ,  

M ~-'-/~" IS a \-~--"L'T-- i ] ' N - -  5 8~ 

The invar i an t  H4-solution,  with 7 = 2 and m = 1, is 

z I-M (lut)~ lntq 
= 7 - -  N + c , - 7 - ]  + 

x ~ N  
~=C,t2t( t )  exp [is ~ (M+ CQ], 

/ In t Ci \ tf(0 exp + -~- -- ~N (M + Ci) 1 h = + [ : ] ,  
[ ~  ,., l-q-[JC2 ISMN lnt ISN (M-}-C1) 

M = 4 n a i s  ~, N - ~  ' / t ' ) = T - -  4" i - -  2t " 

(i2) 

The constants  C l, C 2, and C 3 a re  found f rom the in i t ia l  condit ions.  

In conclusion,  let  us use our inva r i an t  Hi - so lu t ion  to cons ide r  the r ad ia l  flow of a gas of f ini te  conduct ivi ty in a 
longitudinal  magnet ic  field. We take a combinat ion  of an infini te  cy l indr i ca l  source  of e l ec t r i ca l ly  conducting gas of 
rad ius  R i and a s ink of rad ius  R2 >R1, and cons ider  the gas movement  in the magnet ic  field of an inf ini te  solenoid of 
rad ius  R z. In view of the form of the Hi -so lu t ion ,  we get the t ime dependence I = I0eflt for the c u r r e n t  in the solenoid. 
In addition, we a s s u m e  that, when r -< R l, the conductivi ty cr tends to infini ty,  i. e . ,  the e l ec t r i c  field s t rength  
vanishes .  

Subst i tut ing the expres s ions  for v, p, p, and h f rom the Hi -so lu t ion  into Sz, we get a s y s t e m  of equations in the 
functions V(r),  P( r ) ,  0(r), and ~(r):  
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The boundary conditions are 

t 0 i 0 /  am\ 

v 0 V  t 0 / q)~\ 1 0 
0 r -  Y - ~ P + T f f ) ,  u~~ ('r~176 

ap (av ~ ,,,,,f0r 
2~e+ V T +  TP ~-r + = (T-- t) T~'k'~- ) 

V [ r=R, = Vo, P I r=R, = PO, 0 ] r=R, = 0o, 
4~8 aft) '4m VO [ �9 t r=R, = ~ - -  Io 

r=R1-- r 2 r = R ~ '  

(13) 

(14) 

Here  5 is the n u m b e r  of tu rns  per  unit  length of the solenoid. The fourth condit ion is obtained f rom Ohm's  law. 
We have thus obtained a boundary  value p rob l em for the sys tem (13) under  condit ions (14). 

To ma in t a in  the specif ied c u r r e n t  I = I0efi t in the solenoid,  a sui table  emf E mus t  be included in the e l ec t r i ca l  
c i r cu i t  conta in ing  the solenoid.  This  emf is found f rom the equation 

R~ 

E = Io~e ~t + 2nBOe ~t f r $  (r) dr,  
Rt 

of the electrical circuit, where ~ is the circuit resistance. 

The problem was solved on a computer, taking m = 3/2. The results confirm the formation of a high- 

temperature electrically conducting layer, as indicated in [4, 5]. The formation of this high-temperature layer is 

accompanied by a sharp braking of the gas in this zone: see Fig. I, where the following notation is used for the 

dimensionless quantities: 

v T 2n82Io e r 
v1-~- Vo ' T I ~  To ' A ~  c~po , r l -~ -  RI  

Here ,  v0, T 0, P0, and I 0 a re  the c h a r a c t e r i s t i c  values  of the velocity,  t e m p e r a t u r e ,  p r e s s u r e ,  and cu r ren t .  

2 - / 

oL I'i 0 r 2 3 

Fig. 1 

The author thanks S. S. K a t s n e l ' s o n  for valuable  advice. 
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